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1 Matrix Inverses

1.1 [MH] Find the matrix X such that

ornly 3=

1.2 [YL] Given C = [1 2

5 0] andD:[

-1 1
4 3} . Solve the

given equations for X.
a. CXD =101
b. C((DX) -2t =C

2 Properties of Determinants and
Adjoint of a Matrix

2.1 [MB] Given that the cofactor matrix of A is

3 -6 5
cof(A)=]1-4 3 =5
5 =5 5

and that the first row of A is [2 1 —1}
a. Find adj(A4).

b. Find det(A).

c. Find the minors M5 and My, of A.
d. Find A~

2.2 [YL] Let B be a 3 x 3 matrix where det(B) = 3. Find

det (2B + B*adj(B)) .

2.3 [MB] Consider two 4x4 matrices A and B, with det(A) =
—2 and det(B) = 3. Find the determinant of M, knowing that
det(2BTM A~ B) = det(adj(A)A?B).

2.4 [YL] Given

101119341009
009114927709
0 081149277
00071149 27
A_|0 0006 114092
000005 1 149
0000004114
00000003 11
0 00000GO0O0 21
(0 0000000 O0 1
4 3 -2 8 43 -2 8
2 3 1 —4 03 1 -4
B=112 1 4% oo 1 4
1 2 2 -8 00 0 8

a. Given G is a 4x4 matrix show that BG is not invertible.

b. Given F is a 10 x 10 invertible matrix evaluate

det (F*% adj(A)(F~1)101).
Evaluate det (2 adj(A) + 3A*1), if possible.

Given D is a 10x 10 matrix such that A=1D? = I deter-
mine det(D), if possible.

e. Evaluate det (B! adj(C) + BC?%1%), if possible.

f. Given FE is a square matrix and det (detT(C)ETA?’) =7
find det(FE), if possible.

g. Given H is a 10x10 matrix and det(2H A+ Hadj(A)A?%) =
0 show that H singular.

h. Evaluate det(adj(A) + I), if possible.
i. Determine adj(adj(A)), if possible.

/oo

3 Norm and Dot Product

3.1 [SM] Determine all values of k for which the vectors are
orthogonal.

(3,-1), (2,k) c.

a. (1,2,3), (3, —k, k)
b. (3,—-1), (k,k?) d.

(1,2,3), (k, k,—k)

3.2 [MH] Suppose that @ and U are two vectors
in the zy-plane with directions as given in the diagram
and such that ¥ has length 2 and ¥ has length 3.

a. Find u - v.
b. Find ||u + v]|.

3.3 [SM] Prove the parallelogram law for the norm:
la+b]|* + [l — b* = 2[la]* + 2|b]|?

for all vectors in R".

3.4 [JH] Show that |u| = ||v|| if and only if w + v and
u — v are perpendicular. Give an example in R2.

4 Lines

4.1 [GHC] Write the vector and parametric equations of the
lines described.



a. Passes through P = (2,—4,1), parallel to d = (9,2, 5).

b. Passes through P = (6,1,7), parallel to d = (-3, 2,5).

c. Passes through P = (2,1,5) and Q = (7,—2,4).

d. Passes through P = (1,—2,3) and Q = (5,5,5).

e. Passes through P = (0,1, 2) and orthogonal to both dy =
(2,-1,7) and ds = (7,1,3).

f. Passes through P = (5,1,9) and orthogonal to both dy =
(1,0,1) and dy = (2,0, 3).

g. Passes through the point of intersection and orthogonal
of both lines, where = (2,1,1) + ¢(5,1,—2) and
x=(-2,—-1,2)+¢(3,1,-1).

h. Passes through the point of intersection and orthogonal
to both lines, where

=1t r=2+t
r=qy=—-2+2t and x=qy=2-1 .
z=1+t z=3+2t

i. Passes through P = (1,1), parallel to d = (2, 3).

j. Passes through P = (—2,5), parallel to d = (0, 1).

4.2 [GHC] Determine if the described lines are the same
line, parallel lines, intersecting or skew lines. If intersecting,
give the point of intersection.

a. z=(1,2,1)+¢(2,—1,1) and = = (3,3,3) + t(—4,2,—-2)
b. x=(2,1,1)+¢5,1,3) and = = (14,5,9) + ¢(1,1,1)
c. x=1(3,4,1)4+t(2,-3,4) and @ = (-3,3,—-3)+¢(3,—2,4)

d. z=(1,1,1)+#(3,1,3) and = = (7,3,7) + (6, 2,6)

r=14+2t r=3—1
e. x=¢y=3—-2t and x=qy=3+5¢t
z=1 z2=2+Tt

4.3 [SM] For the given point and line, find by projection the
point on the line that is closest to the given point, and find
the distance from the point to the line.

a. point (0,0), line z = (1,4) +#(—2,2), t € R

b. point (2,5), line z = (3,7) + £(1, —4), teR

c. point (1,0,1), line & = (2,2,-1) +¢(1,-2,1), t € R
d. point (2,3,2), line z = (1,1, —-1) + #(1,4,1), t € R

4.4 [GHC] Find the distance between the two lines.
a. z=(1,2,1)+t(2,-1,1) and = = (3,3,3) + t(4,2, —2).
b. x = (0,0,1) +#(1,0,0) and & = (0,0, 3) + (0, 1,0).

4.5 [YL] Determine whether the two lines intersect, are par-
allel or are skew lines. Find a point on each line which is
closest to the other line, are those points unique? Find the
shortest distance between the lines.

a. x=(1-2t 2—t,3+3t)and ¢ = (44 3t, —1+¢, 2+1)

b. x = (-4, 5, =2)+t(3, ,—4, 1) and x = (-3, 3, 5) +
t(4, =5, —2)
x =3t r=1-—6t
c. L1:Qy=—1+2t and Lo: y=—4t
z=1+2¢ z=2—4t

d y=2r+1land2y—4x+1=0

4.6 [MB] Counsider the points P(1, 0, 1), Q(—2, 1, 2), and
R(3, 2, 1), and the vector v = (4, 0, —1) in R3.
a. Consider Lq, the line passing through P and @, and Lo
the line passing through R and parallel to v. Determine
whether these lines are parallel, intersect, or are skew.

b. If L1 and L intersects, find their point of intersection,
then find the distance between the two lines.

5 Planes

5.1 [GHC] Give the equation of the described plane in stan-
dard and general forms.

a. Passes through (2,3,4) and has normal vector

n=(3,-1,7).

b. Passes through (1,3,5) and has normal vector

n = (0,2,4).

c. Passes through the points (1,2,3), (3, —1,4) and (1,0, 1).
d. Passes through the points (5, 3,8), (6,4,9) and (3, 3, 3).
e. Contains the intersecting lines

x=(2,1,2)+11,2,3) and = = (2,1,2) + £(2,5,4).
f. Contains the intersecting lines
x=(50,3)+t—1,1,1) and & = (1,4,7) + (3,0, —3).
g. Contains the parallel lines
=(1,1,1) +¢(1,2,3) and = = (1,1,2) + £(1,2,3).
h. Contains the parallel lines
x=(1,1,1)+¢(4,1,3) and « = (2,2,2) + t(4,1, 3).
i. Contains the point (2, —6,1) and the line

r =245t
T=qy=2+2
z=—-14+2t
j- Contains the point (5,7,3) and the line
rz=1
rT=qy=t
z=1

k. Contains the point (5,7,3) and is orthogonal to the line
x=(4,5,6)+t(1,1,1).
1. Contains the point (4,1, 1) and is orthogonal to the line

r =444t
r=cy=1+1¢
z=14+1t

m. Contains the point (—4,7,2) and is parallel to the plane
3(z—-2)+8y+1)—10z=0.



n. Contains the point (1,2, 3) and is parallel to the plane
r =5.

5.2 [SM] Determine the scalar equation of the plane with
the given vector equation.

a. x=(1,4,7)+s(2,3,-1)+t(4,1,0), s,t €R
b. x= (2733 71) + 5(17 130) + t(72a 172)7 Sat eR
¢ = (1,-1,3) +5(2,-2,1) + £(0,3,1), 5,¢ € R

5.3 [GHC] Find the point of intersection between the line
and the plane.

line: (1,2,3) +¢(3,5,—1),
b. line: (1,2,3) +¢(3,5,—1),
c. line: (5,1,—1)+#(2,2,1),
d. line: (4,1,0) +¢(1,0,-1),

P

plane: 3z — 2y — z =4
plane: 3z — 2y — z = —4
plane: bx —y — z = —3
plane: 3z +y — 22 =38

5.4 [SM] Given the plane 221 — 2+ 3x3 = 5, for each of the
following lines, determine if the line is parallel to the plane,
orthogonal to the plane, or neither parallel nor orthogonal.
If the answer is “neither”, determine the angle between the
direction vector of the line and the normal vector of the plane.

a. x=(3,0,4) +t(—1,1,1), teR

b. z=(1,1,2)+#-21,-3),teR
c. x=(3,0,0)+1(1,1,2),tcR

d. z=(-1,-1,2)+¢(4,-2,6),t € R
e. £=1(0,3,1),teR

5.5 [SM, YL] Use a projection (onto or perpendicular to)
to find the distance from the point to the plane. And find the
closest point on the plane to the given point.

a. point (—1,-1,1), plane 227 — 2o — 23 =4

b. point (0,2, —1), plane 221 —x3 =5

c. point (2,3,1), plane 3x; — xo + 4x3 =5

d (

. point (—2,3,—1), plane 2x; — 3z — bxz =5

5.6 [SM] Determine a vector equation of the line of inter-
section of the given planes.

a. rz+3y—z=5and2x—5y+2="7

b. 2r—32=Tandy+2z=4

5.7 [SM] In each case, determine whether the given pair of
lines has a point of intersection; if so, determine the scalar
equation of the plane containing the lines, and if not, deter-
mine the distance between the lines.
a. z = (1,3,1) +s(—2,—1,1) and & = (0,1,4) + ¢(3,0, 1),
s, t eR
b. x =(1,3,1) + s(—2,
s,teR

—1,1) and = = (0,1,7) + ¢(3,0,1),

c. ¢ =(2,1,4) + s(2,1,
s, teR

d. =1(0,1,3) 4+ s(1,-1,4) and = = (0,—1,5) + ¢(1, 1, 2),
s,teR

—2) and = (-2,1,5) + t(1,3,1),

5.8 [MB] Given the following: parametric equations of two
skew lines L, and Lo, two nonparallel planes P; and P, co-
ordinates of the point @, that does not lie on Ly, Lo, P;, nor
Ps.

a. Does a line that is perpendicular to L; and passes
through @ exist? If so, is it unique? How would the
equation of such a line (if it exist), be obtained with the
provided information?

b. Does a line parallel to the intersection of the planes P;
and P, and passes through @ exist? If so, is it unique?
How would the equation such a line (if it exist), be ob-
tained with the provided information?

c. Does a plane containing L; and Lo exists? Is so, is it
unique? How would the equation of such a plane (if it
exists), be obtained with the provided information?

6 Answers to Exercises

Note that either a hint, a final answer or a complete solution
is provided.

11 X = {2 2]

1 2
1.2
8 2 9 3
aX[n 4} b'XLQ 3]
2.1
3 —4 5 C. Mu:Gand M22:3
a. adj(4)=|-6 3 =5 3 _—4 5§
5 =5 5] 4 Atl'=2L |6 3 -5
b. det(A) = -5 5 -5 5
2.2 375
2.3 det(M) =3
24
a. Hint: take the determi- g. Hint: Show  that

nant of BG. det(H)(2+det(A))10det(A) =
b. (101)? 0 then conclude that
(2(101)+3)10 det(H) = 0.
S . (10+10D)(9+10)--(2410) (1+10!)
d. +/10! ' 10!
e 0 $10 i. Hint: Show  that
f. s

96)10(100)7

adj(adj(A)) = (det(A))"2A.



3.1

a.

b.

3.2

a.

3.3 Expand the left side of the equation by using the fact

k=6 c. k=-3
k=0Oork=3 d. any k € R
3 b. V19

that ||v]|? = v+ v for any vector v to get to the right side.

3.4 Where u,v € R”, the vectors w + v and u — v are per-
pendicular if and only if 0 = (u 4+ v)+ (u—v) =u+u—v-v,
which shows that those two are perpendicular if and only if

u+u = v+v. That holds if and only if ||u| = |v|.
4.1
a. vector: @ = (2,—4,1) +¢(9,2,5)

4.2

parametric: t =2+ 9, y=—-4+2t, 2 =14 5¢

vector: & = (6,1,7) +t(—3,2,5)
parametric: t =6 —3t, y =1+2t, z =7+ 5t

Answers can vary: vector: x = (2,1,5) + t(5,—3,—1)
parametric: t =24+5t, y=1—-3t, z=5—1

Answers can vary: vector: & = (1,—2,3) +t(4,7,2)
parametric: x =1 +4t, y=—-2+T7t, 2 =3+ 2t

Answers can vary; here the direction is given by d; x d:

vector: @ = (0,1,2) +t(—10,43,9)
parametric: x = —10t, y =1+ 43t, 2 =24 9¢

Answers can vary; here the direction is given by d; x ds:

vector: « = (5,1,9) + (0, —1,0)
parametric: t =5, y=1—-%¢,2=9

Answers can vary; here the direction is given by d; x ds:

vector: x = (7,2,-1) +t(1,—1,2)
parametric: t =7+t, y=2—t, 2= —-14+2t

Answers can vary; here the direction is given by d; x ds:

vector: « = (2,2,3) +t(5,—1,-3)
parametric: t =2+5t, y=2—1t, 2 =3 -3t

vector: & = (1,1) +¢(2,3)
parametric: t =1+2t, y =1+ 3¢

vector: « = (—2,5) +¢(0,1)
parametric: x = -2, y =5+t

4.4

4.5

a.

Parallel. c. Intersecting; (9, —5, 13).
Intersecting; (12,3,7). d. Parallel.

5 5\ 5

(3:2): 75 e (.58 %

58 91\ _6

(57 7) 77 d (3.4.-1).v6

3/V2 b. 2

Skew lines. Point on first line: (2, %, 2), Point on second
line: (3, —%, 2), unique closest points, shortest distance

46

between the two lines: 3

The two lines intersect. (5,—7,1) is the point of inter-

section, hence closest to the other line. And the shortest
distance is 0.

Parallel lines. Point on first line: (%, —%, ‘%), Point

on second line: (1, 0, 2), not unique. And the shortest

distance is 1—27
Parallel lines. Point on first line: (—7
second line: ((0,

3 /1
2\ 5"

—%), Point on
—1)), not unique. And the shortest

distance is

The two lines intersect.
The lines intersect at (—5, 2, 3) and the distance is 0.

Standard form: 3(x —2) — (y —3)+7(z —4) =0
general form: 3z —y + 7z = 31

Standard form: 2(y —3) +4(z —5) =0

general form: 2y 4 4z = 26

Answers may vary;

Standard form: 8(z — 1) +4(y —2) —4(2—3) =0
general form: 8z +4y —4z =4

Answers may vary;

Standard form: —5(x —5) +3(y —3)+2(2—8) =0
general form: —bx + 3y +2z=0

Answers may vary;

Standard form: —7(x —2)+2(y—1)4+(2—-2)=0
general form: —7z 4+ 2y + z = —10

Answers may vary;

Standard form: 3(z —5)+3(z—3) =0

general form: 3z + 3z =24

Answers may vary;

Standard form: 2(x —1) — (y—1) =0

general form: 2z —y =1



h. Answers may vary;

Standard form: 2(z — 1)+ (y—1)—3(z—1) =0
general form: 2z +y —32=0

i. Answers may vary;
Standard form: 2(x —2) — (y+6) —4(z —1) =0

general form: 2z —y — 42 =6

j- Answers may vary;
Standard form: 4(x —5) —2(y —7) —2(z —3) =0
general form: 4z — 2y — 22 =0

k. Answers may vary;
Standard form: (z —5)+ (y—7) +
general form: x +y+ 2z =15

(z—3)=0

1. Answers may vary;
Standard form: 4(x —4)+(y—1)+ (¢ —1) =0
general form: 4z +y+ 2z =18

m. Answers may vary;
Standard form: 3(z4+4)+8(y —7) —10(z —2) =0
general form: 3z + 8y — 10z = 24

n. Standard form: x —1 =0
general form: z =1

5.2

a. x—4y — 10z = -85 c.
b. 22 -2y +32=-5

—bxr —2y+6z2=15

a. No point of intersection; the plane and line are parallel.

b. The plane contains the line, so every point on the line is
a “point of intersection.”

c. (—=3,—7,-5)
d. (3,1,1)
5.4

a. The line is parallel to the plane.
b. The line is orthogonal to the plane.

c. The line is neither parallel nor orthogonal to the plane,
0 ~ 0.702 radians.

d. The line is orthogonal to the plane.
e. The line is parallel to the plane.

5.5
a. \16 (1,20 e Z (8131

b. ﬁ’ (372’_5) d. %,( 23;;277%)
5.6

a. z= (1, 32.0)+¢(-2-3,-11),teR

b. x=(1,4,0)+1(3,-4,2),teR

5.7

a. Point of intersection: (—3,1,3), —x + 5y + 3z = 17

. . . 9
b. No point of intersection, 75

. . . 23
c. No point of intersection, 310

d. Point of intersection (1,0,7), 3x —y — 2z = —4

a. Such a line exists, but it is not unique. One of such line
is obtained by finding a vector d perpendicular to the
direction vector of Ly, then the equation of the line is
given by x = Q + td where t € R.

b. Such a line exists and is unique. The line can be obtained
by finding a vector d parallel to the intersection of L; and
Lo, then the equation of the line is given by * = Q + td
where t € R.

c. Such a plane does not exist since the lines are skew.
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